ON THE RAMANUJAN CONJECTURE OVER NUMBER 

FIELDS 



VALENTIN BLOMER AND FARRELL BRUMLEY 

Abstract. We extend to an arbitrary number field the best known 
bounds towards Ramanujan for tlie group GL„, n = 2,3,4. In particu- 
lar, we present a technique which overcomes the analytic obstacles posed 
by the presence of an infinite group of units. 



1. Introduction 

1.1. Statement of results. Since Ramanujan [19], in 1916, stated his con- 
jecture on the size of the coefficients T(n) of the A(z) function, the task of 
bounding Fourier coefficients of modular forms has occupied a venerable po- 
sition in analytic and algebraic number theory. Deligne [4J, famously, proved 
the Ramanujan conjecture for weight k > 2 holomorphic Hecke cusp forms, 
a result which was recently widely extended by Harris- Taylor [8]. That said, 
important natural generalizations of Ramanujan's conjecture remain open, 
the most notable of which is the Ramanujan-Petersson/Selberg conjecture 
on weight-zero Maafi forms for congruence subgroups F of SL2(Z). 

The most general formulation of the Ramanujan conjecture is expressed 
through representation theory. Let K he a number field with ring of adeles 
A. Let TT be a cuspidal automorphic representation of GL„(A) with unitary 
central character. Fix an identification vr ~ (8)i)Vr„- Then vr^ is an irreducible 
unitary generic representation of GL„(X„) and the Ramanujan conjecture 
is the assertion that TTy is tempered. 

A non-tempered representation tt^ can be described in the following way. 
There exists a standard parabolic subgroup P of GL„(i^„) of type (ni, . . . , n.^) 
with unipotent radical U, irreducible tempered representations Tj of GL„^. {K^) 
and real numbers aj satisfying ai > ■ ■ ■ > ar such that tt^ is equivalent 
to the fully induced representation Ind(GL„(i^'„), P; T[cr]). Here t[<t] is 
the representation of the group M = P/U ~ GL„^ x • • • x GL„^ given 
by T[cr] = Tr[cri] ■ ■ ■ Ti[ar], and r[cj] is the twisted representation 
g ^ T{g)\detg\^. 
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The size of the parameters aj allow one to quantitatively measure the 
failure of a given local representation to be tempered. Note that since 7r„ 
is unitary we have {Tj[a"j]} = ^ sets, from which we deduce that 

maxj cjj < (5 is equivalent to maxj \aj\ < 6. 

For any non-tempered vr^ appearing in vr ~ ^jjTt^ we restore the depen- 
dence of the parameters aj on vr and the place v, writing aTr{v,l), . . . , aj^iy, r). 
For the rest of this paper we put m{7r,v) = maxj \(TT^{v,j)\ if is non- 
tempered, and m(7r, v) = otherwise. To state our results, and to facilitate 
our discussion of the existing literature, let us make the following definition. 

Definition 1 (Hypothesis Hn{S)). Let n > 2 be an integer and 5 > 0. 
We call Hypothesis Hn{5) the statement that for any number field K , for 
any cuspidal automorphic representation vr of GL„(A) with unitary central 
character, and for any place v of K , one has 

(1.1) m(7r,t>)<5. 

Jacquet and Shalika [10] showed] F„( 1/2) for any n > 2. Often, however, 
hypothesis Hn{\/2) falls just short of what is needed for concrete applica- 
tions, a situation reminiscent of the subconvexity problem in the theory of L- 
functions. It was thus a major breakthrough when Luo-Rudnick-Sarnak |15] 
showed that for any n > 2 hypothesis Hn{6) holds for some 5 = 5n < 1/2. 
Their method gives the numerical value of 6 = 1/2 — l/(n^ + 1). Owing 
to the existence of proven cases of functoriality in low rank, there are cer- 
tain small values of n for which Hn{6) holds for a smaller 6; for example 
Kim-Shahidi [13] prove i?2(l/9). 

Over the years, various methods in analytic number theory have been 
developed which, for a fixed 6, establish the bounds (jl.ip for K = Q, and 
possibly for K an imaginary quadratic field, but not for others. This is 
due to the presence of an infinite unit group for such fields. For example, 
the work of Kim-Sarnak [12] establishes the bounds (jl.ip for n = 2 and any 
place V with S = 7/64, but only for the field K = It has therefore been an 
outstanding problem to find a method robust enough to extend these results 
to an arbitrary number field. A recent article of Nakasuji [18] extends the 
result of Kim-Sarnak to imaginary quadratic fields. 

The aim of this paper is to prove the following result, which represents an 
improvement over existing bounds for all fields other than Q and imaginary 
quadratic fields. 

Theorem 1. Hypothesis Hn{Sn) holds with 62 = 7/64, 63 = 5/14, 64 = 9/22. 

As an immediate application we obtain the following numerical improve- 
ment for subconvexity bounds of twisted L-functions over number fields [Ij: 

^Many of the results in the hterature are stated for unramified places only. This is 
the case for [1^, [12| . [13| . [15| . and [1^ mentioned here. Often, however, one can prove 
the same numerical bounds for the ramified places with slightly more work. For instance 
Rudnick-Sarnak [211 Appendix] extend the Jacquet-Shalika bounds to ramified places, and 
Miiller-Speh |16| do the same for the bounds of Luo-Rudnick-Sarnak. 
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Let K he a totally real number field, let vr be a cuspidal automorphic rep- 
resentation of GL2(A) with unitary central character, and let x be a Hecke 
character of conductor q. Then the twisted L-function satisfies 



1 25 



L(1/2,^®X) <-,Xoo,A',e Ar(q) 2 256 +^ 

In [12] it is shown that Theorem [T] follows as a consequence of the next 
result. 

Theorem 2. Let tt be a cuspidal automorphic representation o/GL„(A) with 
unitary central character. Assume that L(s, 7r,sym^) converges absolutely on 
> 1. Set m = n{n + l)/2. Then ([□]) holds with S = ^- 

The rest of this introduction will serve to explain what goes into our proof 
of Theorem [2j 

1.2. The method of Duke-Iwaniec. Let tt be a cusp form on GL„ over 
Q. Let ,,yjn2(n) denote the Dirichlet coefficients of L(s, tt, sym^). Fix a 
prime p. It is an elementary exercise that the inequality (jl.ip at the place 
V = p with 5 = (1/2) — l/(m + 1) is equivalent to the estimate 

(1.2) A,,3ym2(p')«./'"^+'^ 

for arbitrarily large £. For some parameter Q > 1 leiQ 

(1.3) F{/)= E K,sym^{n)g{np-'), 

Q<q<2Q n2p-2<=l(g) 
q^p prime 

where g' is a non-negative smooth function of support in [|,2] satisfying 
g{l) = 1. Inverting the summation one finds 

F{/)= KsynAn) f{np-'), 

p^/2<n<2p^ 

where for 7 G we have 

(1.4) /(7) = g{-i)\{Q <q<2Q:q prime, q ^ p, = I (mod q)}\. 
As has considerably more divisors than any other number, we find 

(1.5) \Fi/)\ » |A^_3ym2(p')||^ + Oe{/^'+'^). 

On the other hand, an upper bound for the inner sum in (jl.3p can be ob- 
tained through detecting the congruence condition by characters, inserting 
the functional equation for L(s, vr, sym^ x x^) and applying Deligne's bounds 
on Hyper-Kloosterman sums. In this way one can show 

(1.6) F(/)«/ + Q^+^ 



The presence of squares in the summation condition is ubiquitous in this paper; the 
nice analytic properties of L(s, tt (g) x, sym^) — L{s, tt, sym^ x x^) are easier to obtain than 
for general twists L(s,7r,sym^ x x), which have only very recently been investigated in 

Eg. 
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In the above error terms the absolute convergence of L{s, vr, sym^) on > 1 
was imphcitly used. Taking Q =p2^/(™+i) in (II. 5p and (11. 6p gives (11. 2j) . 

This argument can be adapted to the real place by setting g to be the 
inverse Mellin transform of Loo(s, vToo, sym^) and considering 

(1.7) F{Y)= Yl E K,syra^{n)g{nY), Y^O. 

Q<q<2Q n^=l(q) 

The idea of choosing g in this way to gain access to the size of the archimedean 
parameters is due to Iwaniec [9]. Alternatively, one can argue by non- 
vanishing of L(s,7r,sym^ x x^) as in [12]. It should be emphasized that 
the argument by non- vanishing, introduced by Luo-Rudnick-Sarnak in [14], 
was the first treatment to successfully bound the archimedean parameters 
for general GLn cusp forms, and consequently was the first to beat Selberg's 
3/16 bound on Laplacian eigenvalue of weight zero MaaB forms. 

Lastly we remark that the innovation of Duke-Iwaniec [6j in the above 
argument was in the construction of the test function / in (11.41) . It allowed 
them to amplify the contribution of a single coefficient, namely Xn,sym?{p^)- 
Prior to their work, one needed an L-series with positivite coefficients in 
order to drop all but one. This in turn required the use of the Rankin- 
Selberg L-function, whose coefficients are positive but whose larger degree 
yields weaker bounds. On the other hand, the Rankin-Selberg L-function is 
known to converge absolutely on > 1 for cusp forms on GL„, making it 
the only tool of this sort available when dealing with an arbitrary cusp for 
on GL„, n > 5. 

1.3. The method of this paper. Let us first describe what difficulties one 
encounters in the situation of a general number field. Take i > 1 divisible 
by the class number of K. Let p be a prime ideal of the ring of integers Ok 
of K and let vr be a generator of p^. For an integral ideal m (coprime to p) 
denote by (modm) the image of the unit group in (Oi^/m)^. As an 
analogue of the inner sum in (|1.3p consider 

(1-8) Y A,,,y^2(a)5(AA(ap-0), 

a={a)COK 
o^Tr"^ (modm) g (modm) 

where g is as before, and AA(a) is the norm of a. 

We immediately observe that the strength of the condition 

(1.9) (mod m) E (mod m) 

on principal ideals a = (a) C Ok varies with m. Indeed, for fields with an 
infinite unit group the image O^ (modm) can frequently be all of (Ok/^)^ 
(cf. [17]), in which case the condition (jl.Op is literally empty and (II. 5p and 
(jl.6p break down. Rohrlich [20] has a fundamental result showing that for 
every e > there exists an infinite number of square-free moduli m such 
that |0]^(modm)| <^ AA(m)^. This construction was critical to the work 
of Luo-Rudnick-Sarnak [15]. Unfortunately, the sparseness of the special 
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moduli m given by Rohrlich's results does not allow an additional average 
over m as in (jl.3p . 

To make the above argument go through, the idea is to construct a test 
function on ideals that takes into account not only residue classes mod m 
but also certain archimedean information that compensates for the varying 
size of (modm). We give first a description in elementary terms for easy 
comparison with the previous section. We will only need the case when 
m = q is a prime ideal. Fix a fundamental domain for the action of 
on = HijIoo ■ Fix additionally a set of representatives {c} C for 
(modq). Let J^c be the union of the translates uJ- for u running over 
units congruent to c modulo q. The condition 

(1.10) = c(modq) and € Jc for some c, 

is satisfied by a fraction constantly equal to 



of all principal ideals a = (a) C Ok- More simply, one can express (|1.10p 
as follows: for each principal ideal a = (a) let uq be the unique generator 
such that ag € T. Then (jl.lOp is equivalent to = 1 (mod q). 

Replacing ()1.9p by (ll.lOp . evaluated at a^vr"^, we can sum over all primes 
q 7^ p (and not just those with |0^(modq)| small) in a dyadic interval 
Q < A/'(q) < 2Q. With this modification in place, we are able to prove the 
analog of estimate (jl.Sp as a consequence of a suitable diophantine condition 
and the analog of (jl.6p from Deligne's bounds on Hyper-Kloosterman sums. 
These appear in Section [6] as Proposition [3] and Proposition HI respectively. 

We remark that the condition (jl.lOp is naturally obtained by our method 
via an averaging operator over S'-units. Assume for simplicity that vr is 
unramified at all finite places. Then we shall take S = {q} U oo. Let gq be 

the characteristic function of U^^^ = 1 + q in and goo the characteristic 
function of J- in K^. Put gs = dq ^ 9oo- 

Then 



is well-defined as a function on 0'^\K^ . Identifying Og\K^ with the group 
of principal ideals coprime to q, and taking ^oo smooth, we thereby obtain 
an analytic way to capture condition (ll.lOp . This convenient formalism 
of averaging over S-units will be used frequently in the present paper and 
allows for a clear separation between local and global properties. 

Besides the above arithmetic conditions, we also need to encode some 
restriction of the norm into our test function, as in (jl.Sp . When proving 
p.ip for finite places, we choose goo to be some smooth approximation to 
the characteristic function of a ball about 1 € K^. When proving (jl.ll) for 
an archimedean place u | oo, we follow Iwaniec (|1.7p and choose g^ to be the 



2 X {\Ol (modq)IMq)) x {l/\Ol (modq)|) = 2/</.(q) 
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inverse Mellin transform of L(s, tt^, sym^), the rest being unchanged. 

We have compared the methods in m.2\ and the present paragraph in 
terms of test functions and the respective conditions on ideals they impose. 
An alternative point of view is to compare them via the class of Hecke 
characters appearing in their spectra. Recall that a GroBencharacter x mod 
m determines a unique pair (xfjXoo), where x/ is a primitive character of 
{Ok /m)^ , Xoo is a continuous homomorphism of into C^, and 

= X/((«))Xoo(a) for a e Ok, {a,m) = 1. 
The character Xoo can be written as HijIoo /tf • When w = M one may write 
Xv{x) = sgn(x)™"'|x|'*", with m^, G {0,1} and G M, and when v = C 
xSiz) = {z/\z\)"^-\z\'^'^-, with e Z and G R. Now let C(xoo) = 
ni,|oo(l + + ity\)'^^^^'"\ where deg(w) = [K^j : M]. The analytic conductor 
of X is then C(x) = C'(Xoo)A/'(m). This is the proper measure of complexity 
of a Grofiencharacter. In our setting, the goal is to define a test function 
whose Mellin transform is supported on a set of about X Grofiencharacters, 
each of conductor X. 

This is manifestly not the case for the condition (jl.9p . Indeed if one 
expands ()1.9p one obtains characters where x is of the form xi'^) = 
Lj(a)Af{aY . Here uj denotes a ray class character of conductor dividing 
m, so that lOoo = 1 and C{uj) = M{m). The number of such u relative 
to M{m.) depends on the size of O^(modm). By contrast, the Grofien- 
characters obtained by expanding a smooth version of condition (jl.lOp are 
not necessarily of finite order. Written with x('i) = io{a)J\f{a)^ , the char- 
acters u that contribute to the Fourier expansion in an essential way satisfy 
C(woo) -^(l)^! whereas loj G {Ok/c\)^ may be taken arbitrary. Thus 
we obtain at least M{c\) characters of analytic conductor at most A/'(q)^^^. 
This aspect of our work will be explored more in depth in ^ 

1.4. Acknowledgements. We would like to thank the Universite de Nancy, 
the Institute for Advanced Study and the Centre Interfacultaire Bernoulli 
for their hospitality and excellent working conditions. We would like to 
thank P. Sarnak and P. Michel for several illuminating discussions on the 
subject. We thank G. Henniart, H. Kim and F. Shahidi for help in un- 
derstanding some of the subtleties at ramified places, and Z. Rudnick for 
pointing out the preprint [27] . Finally, the problem of extending some of the 
known techniques towards bounding Fourier coefficients to general number 
fields was suggested to the second named author by A. Venkatesh, who also 
emphasized the importance of the use of infinite order Hecke characters. 

2. Some GLi preliminaries 

Let X be a number field of degree d over Q. We write r for the number of 
inequivalent archimedean embeddings of K. Let Ok be the ring of integers 
of K and D the different. Let Pk = 0'^\K^ be the group of all principal 
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fractional ideals of K. Let h be the class number of K. For an integral ideal 
a we denote its norm by A/'(a) and put ^(a) = |(Oi<-/a)^ |. 

For each place w of ii' let | • 1^, be the normalized f-adic absolute value. In 
particular, if = C then | • |^ is the square of the modulus. Write for the 
completion of K with respect to | • |„. If f = p let Op be the ring of integers 

of Kp, Dp the local different, and Wp a uniformizer. Let Up = U^^^ = 

and U^''^ = 1 + p'- for r > 1. We set = {±1} if = M and = U{1) if 
= C. In all cases, is the maximal compact subgroup of . 
For any locally compact abelian group A let A be the group of characters. 
These are the continuous homomorphisms into U{1). It will sometimes be 

convenient to write a character x ^ as x(x) = \x\^^r]{x), where t G M 
and T] € Uy. When f = M we write ri„i{x) = sgn(,T)"* for m G {0, 1}. When 

V = C we write rjm{z) = {z/\z\)'"'' for m € Z. When v = p the real number t 
is determined only up to an integer multiple of 27r/ log A/'(p). We say rj G Up 
has degree m > 1, and write dcg(77) = m, if is trivial on ?7p™^ but not on 

i7p("-'\ In all cases, xi^) = l^lv^ix) is said to be unramified when rj = 1. 

Let 5 be a finite set of places containing all infinite places. Set Kg = 
Ylv^S endowed with its norm | • I5 = Hues I ' !«• Denote by Os the 
ring of iS-integers. Let PxiS) be the group of principal fractional ideals 
prime to S. Then Pk{S) can be identified with Og\K^ by sending the 
ideal (7) G Pk{S) to the orbit Og.j. The inverse map sends the O^-orbit 
to the ideal (7), where 7 is any element in with Vp{^) = for all finite 
p £ S. Under this identification the norm 7V(7) of the ideal (7) is I7I5. We 
denote by A : M+ --)■ the map t ^ n^|oo 

Let A be the adele ring of K. Let I = be the group of ideles of K. 
Put I • |a for the idelic norm and let be the closed subgroup of I consisting 
of ideles of norm 1. Put = K^\I and = the latter of which is 

compact by Dirichlet's theorem. We identify (resp. '^^) with the closed 
subgroup of I (resp. consisting of those characters trivial on A(M+) C I. 
We have I ~ P x R and 

(2.1) ^ ~ ^1 X R, 

the correspondence x {'^:t) being given by xi^) = '^ix)\x\A- ^ 
integral ideal of Ok we denote by I(m) (resp. ^(m), "^^(m)) the group of 

characters X ^ ^ (resp., uj E^^) of conductor dividing m. 

We fix a non-trivial character i/jy of Ky by taking ipy{x) = exp(27rix) when 
= R, ipy{x) = exp(27ri(x + x)) when v = C, and V'p an additive character 
trivial on Dp^ but not on Wp^dp^ when v = p is non-archimedean. Let dxy 
be the self-dual Haar measure on Ky. Explicitly, dxy is Lebesque measure if 

V is real, twice the Lebesque measure if v is complex, and the unique Haar 
measure such that Op has volume A/'(t)p)^^/^ if u = p is finite. On we 
choose the normalized Haar measure d^Xy = (^y{l)dxy/\xy\y, where (^y is the 
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Tate local zeta function at v. We let d^x be the measure on I that on the 
standard basis of open sets of I coincides with n»;^^^«- We continue to 
denote by d^x the quotient measure on 

Let A be one of the groups , I, or taken with its norm | • | and the 
choice of Haar measure indicated above, which we write here as d^a. For 
0- G M let L^iA,a) = {g : \-\''g e L^iA)}. When g £ L^iA,a) we write 
g{<J,x) = fj^9{cL)x{a)\a\'^ d^ a. If g is continuous and g{a,.) G L^{A) the 
Mellin inversion formula reads 

(2.2) gia)= [j{a,x)x'HaM~''dx 

J A 

for a unique choice of Haar measure dx on A. When A = and xi^) = 
|x|^*r7(x) we sometimes write g{s,r]) in place of g{cr,x), where s = a + it. 
Similarly, when ^4 = I or and xi^) = I^Ia'^C^^)) we sometimes write 
g{s, oj) in place of g{a, x)- The measures dx on Ky are explicitly given by 

/ 5S,??mh— ' / 9[s,V)logM{p)—, 

^ J(„) 2m 2711 



for f I oo and p, respectively. Here ck = 1/2 and cc = l/(27r). The 

corresponding measure on ~ xM is the product of the counting measure 
on the first factor and ck /2Tr times Lebesgue measure on the second factor, 
where cZ^ = Res Ck{s) (see [28i VH.6. Prop. 12]). 

s=l 

For fixed c G M let 3(c) be the vector space of continuous complex- valued 
functions g onl such that the i^^-invariant function G(x) = Y^j^x>^ dil^) 
converges absolutely and uniformly on compacta in I, and in addition g G 
L^(][, fj), G((T, •) G L^i^) for all a > c. The unfolding technique shows 

9{'y,x)= g{x)x{x)\x\ld'^x= / G{x)x{x)\x\ld'^x = G{a,x)- 

Clearly G G L^{^ , cr) for all a > c. We deduce that for g £ }{c) the function 
G satisfies the criteria under which (12.21) holds. Thus 



(2.3) G{x)= lGia,x)x-\x)\x\^''dx= lgia,x)x-\x)\x\^^dx 
for a > c. 



3. Symmetric square L-functions 

Let n > 2. Let vr be a cuspidal automorphic representation of GL„(A), 
with unitary central character cj^r. Fix an identification vr ~ CS^Tr^, where 
is an irreducible unitary representation of GL„(Er^). Denote by vf = CS)vT^v 
the contragredient representation of vr. We shall always normalize vr so that 
LOjt is trivial on A(R_(_) C I. We may take an arbitrary vr into this form by 
twisting it by | det |** for an appropriate t G M. 
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Let k he a local or global field. Let GL„(C) x Wk be the L-group of 
G = GL„, where GL„ is viewed as an algebraic group over k. Here Wk is 
the Weil-Deligne group of k. For K a global field and the completion 
of K at the place v, there is a natural map 9y : Wk^ — )• Wk- Thus if p is 
a finite dimensional complex representation of GL„(C) x Wk then there is 
an associated collection {pv} of finite dimensional complex representations 
of GL„(C) X Wk^, each given by composition with Id x 6^. 

We return to the case where is a number field. Let vr ~ ^vT^v be as 
above. Let p be a finite-dimensional representation of GL„(C) x Wk- To this 
data Langlands has attached an Euler product A(s,7r,p) = Yl^ L{s,TTy, p^). 
We shall be interested in character twists of the symmetric square represen- 
tation sym^ X '■ GL„(C) x Wk — ^ GLm(C), where m = n{n + l)/2. 

The local symmetric square L-function vr^, sym^) at v is defined by 
Shahidi in [22], for v infinite, and [23], for p finite. For p finite, it is of the 
form P(A/'(p)~^)~^ for a polynomial with complex coefficients and constant 
term 1. For all v if vr^ is tempered then L(s, tt^, sym^) is holomorphic on 
3f?s > (see [23j for v archimedean) . For vr^ non-tempered, then writing 
it as a Langlands quotient as in the introduction we have the factorisation 
(see, for example, [25i page 30]) 

r 

L{s, TT^, sym^) = L{s + 2o-j, r^, sym^) JJ L{s + cTj + cjj, Tj x tj). 

j=l i<j 

Since local Rankin-Selberg L-functions are holomorphic on > for tem- 
pered pairs (see, for example, [211 Appendix]), we deduce that in all cases 
L(s, TT^, sym^) is holomorphic on > 2m{TT,v), the real number m(7r,v) 
being defined in the introduction. 

For p finite we expand L(s, TTp, sym^) into a Dirichlet series, obtaining 



L(s,7rp,sym2) = ^X^,sym^{p'')M{py 



r>l 



for some coefficients sym^lP*^)) satisfying sym2(l) = 1. This series con- 
verges absolutely on 5Rs > 2m(7r,p). Since TTp ~ vfp, the coefficients of 
L(s, 7fp,sym2) are simply A^_sym2 (P'')- 

For > m{'K,v) put Z(s, Xt), tti,, sym^) = L(2s, vr^,, sym^ x x^) for Xv 

unramified and zero otherwise. As a function of Xv it is in L^{K^) for all 
3f?s > m{TT,v)- For a in this range we define the inverse Mellin transform 



(3.1) \v{x) = Z{a,Xv,T^v,sym )Xy {x)\x\^''dxv- 

Thus A„ is continuous and [/^-invariant. More explicitly, for v \ oo one has 



J (a) ^TTZ 
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where cr = 1/2 and cc = l/(27r), while for u = p one has 

ra+i-iv/ logA/'(p) 

Ap(x) = / L(2s,^p,sym2)|x|-MogAA(p) 



(3.2) 



j7r/iogAr{p) ■ 27ri 

A,r, sym2 (p' ) , for (2;) = 2r, r > 0; 
otherwise. 



Observe that Ap(ci7p'~) = A^sym2(p'~)- In all cases, shifting the contour we 
find that 



(3.3) K{x) 



\x\y'^ , as X — )• 0, V (T > m(7r, u); 
<Ca as |x| 00. 



Bounding the blow-up rate of A„ at zero is therefore equivalent to bounding 
m(7r, v). This observation seems to have been first used by Iwaniec in [9j. It 
allows us to treat all places in a uniform way. Finally, it is easy to see that 
Kicr^x) = Z{a,x,T^v,sym^) for a > m{Tr,v). 

Let S be any finite set of places of K containing all infinite places. Denote 
by L'^(s, vr, sym^) the product of L(s, vTp, sym^) over all p ^ S. We have 

L^(s,7r,sym2) = ^ A^,sy^2(a)A/'(a)-^ 

aCOK 

where A^ sym2(ci) = np'-||a -^tt, sym2(p'") fo^^ {'^^ S) = 1. This series converges 
absolutely for > 3/2 by the bounds Hn{l/2) of Jacquet-Shalika. 

Let i?7r be the set of places at which vr is ramified, together with all infinite 
places. Assume that S contains B,^. Then it was proven in [3] (see also [27] ) 
and then again in [11] by the Langlands-Shahidi method that the function 
//■^(s, vr, sym^) admits a meromorphic continuation to all of C. In fact, if 
vr 9^ vf then L'^(s, vr, sym^) is entire; whereas if vr ~ vf, the only possible 
poles are finite in numbeiH and located within the critical strip. This follows 
immediately from (27^ Theorem 4.1]. Moreover, the work [7J assures that 
away from possible poles, the function L^{s, vr, sym^) is of moderate growth 
on vertical lines. 

Shahidi [26] has shown that the functional equation 



(3.4) L^{s, vr, sym^) = 75(5, vr, sym^)L'^(l - s, vr, sym^) 

holds for all s G C, where 75(5, vr, sym^) = j^^^^ 7(5, vrt,, sym^) satisfies 
7(s, vTt,, sym^) = e(s, vTt,, sym^)L(l — s, Tr^,, sym^)/L(s, vr^, sym^). Moreover 
(1) for finite p ^ B,^ one has e(s, TTp, sym^) = 1; thus 7(5, vTp, sym^) = 
Pp(AA(p)-")/Qp(Ar(p)-(i-*)) for polynomials Pp, Qp of de gree m such 
that Pp(0) = Qp(0) = 1. Moreover Qp(A/'(p)~(i~^)) / for < 0; 



Of course it is believed that there are no poles in the critical strip but it is enough for 
us to know that the number of such poles is 0-^(1). 
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(2) for finite p G B^^ the function 7(5, VTp, sym^) is a rational function in 
■Af{py that is pole free for 3fJs < 0; 

(3) for infinite v \ 00 the function 7(5, TTt,, sym^) is a meromorphic func- 
tion of moderate growth in vertical strips (away from its poles), and 
is holomorphic on < 0, pole free on = 0|j 

For later purposes we record several reformulations of the above facts upon 
replacing vr by vr (g) x- We have L'^(s,7r XjSym^) = L'^(s, tt, sym^ x x^), 
where by on the right hand side we intend the unique character of Wk 
associated to via the (dual of the) homeomorphism W^. One 

has the factorization L'^(s, vr, sym^ x x^) = Hp^s -^(■^j ^pj ^7™^ x Xp)- The 
functional equation (j3.4p becomes 

(3.5) L^{s, vr, sym^ x x^) = ls{s, ^, sym^ x - s, sym^ x x"^)- 

If vr X is not self-dual then ^"^(5, vr, sym^ x x^) is holomorphic. On the 
other hand, if 7r(8)x — ^^^ix"^ then by equating central characters we deduce 
that x" = '^n- 

Fix a prime q ^ Bj^. It will be useful to quantify how many x G ^{^) can 
satisfy x" ='^^n- Note that the conductor tn of lUt^ has support in B-j^. Since 
q ^ i?7r, we see that if m 7^ 1 then no such x can verify x"" = '^tt- 

Lemma 1. Let q be a prime ideal of K. Let ^ E ^ &e fixed, of conductor 1. 
Then the number of x & ^(l) such that x^ = i is 0(1), where the implied 
constant depends only on K and n. 

Proof. For the proof we use the language of Grof^encharacters. Assume 
the conductor of x is q, the case where the conductor is equal to 1 being 
similar. Recall that x mod q determines (uniquely, up to multiplication by 
a class group character) a pair {xfiXoo)-, where Xf is a primitive character 
of (Ox/q)"", Xoo = Y[v\ooXv is a character oi K^, and x((a)) = Xf{a)Xoo{a) 
for all a € Ok prime to q. Similarly ^ determines a character ^00 of K^. 
We may therefore equate Xv = £,v for every v\oo and X/ = 1 and then count 
the number of solutions in each equation individually. If u = M there are 
at most two Xv such that Xv = Cv, depending on the parity of and n. If 
V = C there is at most one Xv such that x" = Since the group {Ok/(\)^ 
is cyclic of order (/'(q), there are at most (n, 0(q)) < n choices of x/- D 

Let Bt^ k be the set of finite places at which K is ramified, together with 
all places in B.,^. Let q ^ Bj^^k be a prime and take x £ ^(l)- Then 

(3.6) 7(s,7rq,sym2 x Xq) = L{1 - s,7rq,sym2 x Xq"^)/i(s, vr^, sym^ x Xq) 
for X of conductor 1, and 

(3.7) 7(5, vTq, sym2 x x^) = e{s, vr^, sym^ x x^) = AA(q)— V(x^)'" 



The pole free regions given in ([2]) and ((3| above can be improved by the work of 
Luo-Rudnick-Sarnak. This improvement will not be needed as an input to our method. 
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for X of conductor q. Here T(xq) = Xq(^)''Aq(^q~^£) is the Gaufi sum, 
where e runs through a set of representatives of U(^/U^\ 

4. Local and S-adic computations 

We make the following general conventions that remain valid for the rest 
of the paper. As in the previous section, we let n > 2 and fix vr a cuspidal 
automorphic representation of GL„(A), with unitary central character 00^^. 

For V G let be a smooth, CZy-invariant function on that is either 
of compact support or equal to A^,. Next fix a prime ideal q ^ B^^ k and let 

5q be the characteristic function on u'^\ Write S = {q} U B^^. Let T C S 
be the subset of places where the function is a genuine "test function", 
that is, T = {q} U {v G B.,^ : g^ ^ Ay}. For each v G S define 

(4.1) g:ix)= rg^il/2-a,x'^hil-2a,TT^,sym^xx^)x'Hx)\x\-''dx 
where a > 1/2. By Mellin inversion 

(4.2) g*{a,x) = 9v{l/2 - a,x'^h{l - 2a,7:^„sym^ X x^). 



Lemma 2. (1) We have 



'5*(x)«,0(q)-i(|x|q^ ' + |x|q^ + *-), <AA(q)2-; 

5q*(x)=0, >AA(q)2™. 



(2) For V G Bjr, A > 1, and < e < 1/2 we have gl{x) <^v,e min(|j;|t, ^ , 

Proof. (1) One computes easily that gq = 0(q)~^l(jeg(x)<i- Using the 
explicit formula for 7(1 — 2s, TTq , sym^ x X^) in (13.6P and (13. 7j) we find g^ (x) = 

0(q)~^(y4(x) +B{x)), where 

, r<^+i^/^°s^f(M) L(2s,^fq,sym2) , ds 

A{x)= ; ' ^x/logAAq — 

J<7-i7r/iogAr(q) L(l - 2s,7rq,sym^) " 27r? 



and 



pa+iir/ log M{t\) J„ 

I?(x)= ^ T{ri'rr){x/\x\,) A/-(q)™(2-i)|^|-iogAr(q) — 

degi;;^=i ^-,,./iogAr(q) 

The integrand L(2s, TTq, sym^)/L(l — 2s,7rq,sym^) in A{x) is described in 
([U of ^ A direct calculation then shows that ^(x) = if |x|q > 7V(q)^™. 
Otherwise, we shift the line of integration to cr = 1/2+e for any e > (which 
is admissible by the Jacquet-Shalika bounds Hn{l/2)) for < |x|q < 1 and 
to some very large number for 1 < |x|q < A/'(q)^'", and estimate trivially. 

The integral in B{x) is non-zero if and only if |x|q = A/'(q)^"' in which 
case it is A/'(q)~"*. Thus we have 

B{x) = \x\,''' T(r?2)™r/(x/|x|q), (|x|q = AA(q)2'"). 

deg(r;)=l 
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Now for y €z Uq we have 



dcg(r)) = l (yi...y^)2=y 

,2 



The latter convolution sum vanishes if y is not equal to y^ for some yo £ Uq, 
and otherwise if y = it is Kl{yo) + yo), where 

Ki{y)= Yl M^q\yi + ■ ■ ■ + y^)) 

yi---ym=y 

is the degree-m Hyper-Kloosterman sum. Deligne O p. 219] has shown 

Kl{y) < J\f{q)^, so that B{x) < |x|q^^_;v'(q)^ = \x\q^^^ for |x|q = 
AA(q)2'^. 

(2) By properties ([2]) and (l3|) in J|3] we can shift the contour in ()4.ip to 
= 1/2 + e resp. to = A getting the desired bounds. □ 

The following useful result of Bruggeman-Miatello [2j Lemma 8.1] states, 
essentially, that in descending local estimates to global ones, one only loses 
on a logarithmic scale. 

Lemma 3. Let a, 6 G R, a + 6 > 0. Let g : —^Cbea function satisfying 
\9{x)\ <llv\oo^^T^i\^v\v,\xv\v^)- Then 

Y \9{u3:)\ <~a,b (1 + I log la^looT"^) min(Ix|;^, \x\^). 

With the notation and assumptions as in the beginning of this section 
put gs = Uves9v and g^ = Uvesdt- Next we write 

(4.3) Gs{x) = Y 9s{ux) and G^x) = ^ g*s{ux). 

Proposition 1. We have 



m—1 



1 



\G*six)^e,.M{q)—+'\x\s\ \x\s>l; 
\g*s{x) 1^1^^, \x\s > AA(q)2-+- 

for all A> 1 and e > 0. 

Proof. Let S' := S \ {q} = B-,^. By Lemma[2]we have, for \x\s > 1, 

g*s{x) <^(q)-Vl5'"'-^(q)'"^^^^^') n l^-l-"^)' 

and gt;{x) = if \x\q > A/'(q)^'". We fix a set of representatives of 0^\0g . 
By Lemma[3]we obtain G*g{x) ^£,A,7r ^^\x\s'^^ where 



K= ^ min(l, |nxp|p ^) min (Inxooloo'^, 

Vt^ {uxt^)'>—2m 



ooloo ) 
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for any ^4 > 0, e > 0. We can majorize K as follows: 



K < ^ min (l, (AAp-^P |x: 



pes' 



p 



pes' pes' 

Let r be the number of finite primes in S' . Inductively it is now easy to see 
that 

K^eA 2^ m.{n[{\xs'\s'M{qr) ,{\xs'\s'^{<)') ) 

£c,>-2m-?Jt,(x'q) 

= \^ min^|x5|sAA(q/^j \\xs\sM{qrj j. 

fq>-2m 

The bounds in the proposition are now obvious. □ 

5. VORONOI FORMULA 

The goal of this section is to prove the summation formula in Proposition 
[2j We begin by a technical lemma. 

Let A"^ = Hij^s^t^- Write g = \^ x gs and g* = x g*g as complex 
valued functions on I. 

Lemma 4. The functions g and g* lie in the space 3(c) for any c > 1. 

Proof. It is clear that g and g* are continuous. To prove that g and g* 
are in L^{I,a), for any cj > 1, we first observe that for p ^ S, 

■^^P r>0 

= 1 + o^(^A/'(p)-2^('^-™(^'p)-^)) = 1 + o^(Ar(p)2M^'p)-<^+=); 

r>l 

and 

||Ap(cT,.)|L,-, = / |L(2.,vrp,sym2)|logA/-(p)^ 

In particular, if o" — 171(11, v) > 1/2 + e for every v, then the infinite products 

llf IIlMV) = n \\9v\\mK^,cT)^ \\9{<^^ •)IIli(i) = n '^I'licx?) 

converge. The same is true when g is replaced by g*. By the Jacquet-Shalika 
bounds Hn{l/2) we may take any a > 1. 

Next we prove the absolute and uniform convergence of G on compacta 
C. By the X^-invariance of G we may assume that Vp{x) < for all p and 
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all X G C. Recall that supp((7p) = Op and gp{x) ^ |x[p ^ ^ for p ^ 5, while 
gv{x) <^ m.m{\x\v ^ , for v G S. Letting U = Jlp^s^p ^ ^5 ^^'^ 



^ 15(72;) I <c PJ min(l, |7x^,|^ ^^^). 

7Gii'x 7g_fs:xna;-l(7 v&S 

The sum over 7 G i^^ fl x^^U can be regrouped along O^^-cosets (a) G 
Pr-(S') = such that Vp{a) > -Vp{x) > for ah p ^ S. The resulting 

5-unit sum is 

JJ min(l, [uaxt, 1^ ^'''^). 

The same argument as in Proposition [1] can be used to bound the preceding 
expression by |ax5|g We can complete the a-sum to a sum over all 
integral ideals obtaining ^ 15(73^)1 <Cc Ci<:(3/2 — e) for x G C The same 
argument works for G*. 

The fact that Jg \G{x)\dx < 00 and \G{x)\dx < 00 follows easily from 
the decay properties of gs and g^ after the same manipulations as in ()5.6p . 
dSZD below. □ 



L^(2cj, ^, sym2 x x'^)gsi(J, x), X e ^^)■, 
0, else 



L^(2cj, vr, sym2 x x x), X € I(q); 

0, else 



We have 

(5.1) g{a,x) 
and 

(5.2) g*{a,x) 



for cj > 1. The existence of the left hand sides of (15. ip and (j5.2p is guaranteed 
by Lemma m Let 

(5.3) G(x) = 9{ix) and G*(x) = 9*{ix), 

as functions on ^. We deduce from Lemma H] and (j2.3p that 

(5.4) G{x) = fg{a,x)x-\x)\x\^''dx, G*{x)= f g*{(T,x)x-\x)\x\^''dx 
for any cr > 1. 

Proposition 2 (Voronoi summation). Lei i/ie notation and assumptions be 
as described in Section^ Then 

G{x^) = \x\,^R+\x\,^G*{l/x^) 
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for X G where 

(5.5) R = CK ^ cJ^(x)y^Res |a;|^~^^g^(g,Lj)L^(2g,7r,sym^ x u? 



with Ct} = Res Ck{s) and the sum over p running over all poles ofL'^{2s, vr, sym^ ; 

s=l 

u)'^). The (possibly empty) sum over oj and p is finite. 

Proof. We apply the decomposition (j2.ip to (|5.4p to obtain 



(5.6) G{x') = ckY1 ^'(^) / 9is,u:)\x\l''^. 

^ J(3/2) 27rz 

By ()5.ip . we have 

(5.7) g(s,w) = L^{2s,Tr,sym^xuj'^)g^{s,u;) = {2s,-k,syvo? ■Ku?)g^{s,uj), 

if a; G "^^(l) and g{s,uj) = otherwise. Hence we can restrict the sum over 
u to the set '^^(q). For each such to we shift the contour to 5Rs = — 1. This 
is admissible by the rapid decay of the infinite components of g{s, to) along 
vertical lines. We apply the functional equation p.5p and change variables 
s 1-^ 1/2 — s, w I— )• tJ. In this way we obtain 

G{x^) = \x\I^R + ck\x\^^ ^'(1/^) 

f ^ ds 

X / L^(2s,^,sym2 xa;2)^(l/2-s,a;)75(l-2s,7r,sym2 xt^2)[i/^|^2s 

J(3/2) 

By the known properties of the poles of L(s, vr, sym^) and Lemma[T]the sum 



defining R is finite. Applying (j2.ip in the other direction together with (j4.2p 
we find 

G{x^) = \x\^^R+\x\^^ fL^{2a,^,sym^ X x-^)g^si^,x)x{l/x^)-^\l/x\^dx. 
From (j5.4p and (|5.2p we deduce that the last term above equals |x|^^G*(l/x^). 

6. Proof of Theorem [2] 

We prove Theorem [2] by combining the Voronoi summation formula given 
in Proposition [2] with the S'-adic estimates in Proposition [TJ Recall the 
hypothesis of Theorem [2] that L(s,7r,sym^) converges absolutely on > 1. 

We first establish Theorem [2] for fo = Po finite and then indicate the 
necessary changes for an infinite or ramified place at the end of the section. 
We keep the notation and assumptions as in Section [H 

Fix q Bt^^k distinct from po- For each v € B.,^ we take g^ of compact 
support. Thus r = 5 = {q}U Bt^. Moreover, for every v £ B.,^ we require 
that g^ be non-negative and satisfy gvi^) = 1- Let x € I be such that Xy = 1 
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for V po and Xp^ = for a positive integer i divisible by class number 
h of K; clearly |x|a = M{po)~^. 

We first write the functions G(x^) and G*(l/x^) as smooth sums of Dirich- 
let series coefficients. To this end, recall that Ap is f/p-invariant for each p ^ S 
and Pk{S) = hence 

(6.1) Gix)= Yl A^(7x^)G5(7X5) 

with Gs as in ()4.3p . Inputting our choice of x this gives 




Now Ap for p S is supported on Op. The summation over (7) therefore runs 
through the semi-group of fractional principal ideals prime to S of the form 
apQ ^ where a is an integral principal ideal prime to S. Changing variables 
and inserting ()3.2p we obtain 

(6.2) G{x')= Xn,sym<a)Gs{a%''). 

aCOK 

Likewise 

(6.3) G*{l/x^)= Yl K,sym^{a)GUaVo')- 

aCOK 
a£PK{S) 

Recall that if c = (7) G PxiS) then Gs'(c) simply means ^5(7). 

As we now want to vary q, our notation will henceforth explicitly reflect 
the dependence on all quantities on q. Thus we write 5q = {q} U Bt^, and 
correspondingly we define gs^ and G^^. Moreover we now write g{x;c\) = 
A^" X gs^, G{x; q) = Y^-yeRx 9{ix; q), and similarly for g*{x; q) and G*(x; q). 

Fix a parameter Q 2>A',7r logA/'(po), to be chosen later in terms of AA(po). 
Let Q = {q prime : Q < M{q) < 2Q, q / po, q ^ -Btt.^-} and put F{x) = 

Proposition 3. There is a constant c > depending only on K such that 

\F{X^)\ > c|A.,sym^(p'o)l|^ + (^^(Po)^'^^)') • 

Proof. Put S" := S'q \ {q} = We switch the order of summation in 
F(x^) and use (!6.2|) to obtain 

F{x')= Y Ksjm^a) Y GsMV) 

aCOK qGQ:{q,a)=l 

= A.,sym2(p^) Y Gs,il) + E, 

qeQ:(q,o)=l 
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where E is the sum over all a ^ pQ. As Gs^i'i-) > 1, we have 

qeQ:(q,a)=l qgQ:(q,a)=l 

As usual, for x G i^^^, let Gs'{x) denote the average of gs'{ux) as u ranges 
over O^i. Note that we have Gs>{x) = for \x\s> outside of a closed bounded 
interval in (0, oo) depending only on the support conditions on g^^ v G B^^. 

Now suppose that for a principal fractional ideal c G Pk{S'), c 7^ 1, we 
have 

(6.4) J2^s,{c)<^sH{cYGs'{c), 

where H{c) = max(A/'(a),7V(b)) if c = a/b for coprime integral ideals a, b. 
We deduce from (16.41) that 



J\f{a)<^J\f{poY 

The absolute convergence of vr, sym^) on JJs > 1 implies E <tie J^ipo)^^~^^^^ , 
yielding the proposition. 

To substantiate the claim (|6.4p let c = (7) for 7 ^ and (7,5") = 1. 
Then 

E^^.(^) = E E 9s,{uj) = Y, J2 9s'{nj) < Gs'{j)W{^), 

U7=l (mod q) 

where 

W{'y) = sup |{q G Q : n7 = 1 (mod q)}]. 

u-y&uppigg,) 

To estimate W^j), recall that if 7 = a//3 for a, /3 G Ok, the notation = 1 
(mod q) means q|(na — /3). Our assumption that c 7^ (1) translates to the 
principal integral ideal {ua — f3) being non-zero. Hence 

H^(7) sup 7V(ua -/?)". 

U7esupp(5g/) 

The sup runs over S"-units u satisfying ua — /3 G f3.Q where is the neigh- 
borhood of G Ks' given by supp(5(s/) — 1. Thus J\f{ua — j3) <^gg, AA(/3) 
for all such u. Now if c = ab~^ for relatively prime integral ideals a, b, 
then M{f3) < M{b)'' < H{cf. This shows that 1^(7) <^e,K,^ H{cf, as 
desired. □ 

Proposition 4. We have F{x^) <e AA(po)^ + Q^^^- 

Proof. It suffices to prove that G{x^; q) <e A/'(q)"W(po)^+A/'(q)^+^ 
From Proposition [2] we have G(x^;q) = \x\7^Ri^ + |x|7^G*(l/x^; q). 
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We have gs^^{p,uj) <C (/)(q) ^ for € [0, 1/2]. By Lemma [IJ the number 

of (x> € ^^(q) such that uj'^ = is 0(1). Moreover, for any given uj such 
that vr (g) a; is self-dual, the number of poles of L^'' {s, vr (g) w, sym^) is 0„(1). 
We conclude that < A/'(q)"^. 

From (j6.3p and Proposition [1] we deduce 

G*{l/x';q) «, A/-(q)^+W(po)-^ Yl \X^,sjm4a)\M{a)-\ 

Ar(a)<sAr(q)'»+=A/"(po)-'^ 

This last sum is -^{^Y: by the absolute convergence of L(s,7r,sym^) on 
5Rs > 1. From this we deduce \x\~^F* {1/x'^) <C£ Afiq)^ as desired. □ 

Proof of Theorem [2l Propositions [3] and H] combine to give 

A.,sym^(P^) « Q^-W(Po)(^+^)^ 

Choosing Q = A/'(po)"^ we obtain A^_sym2(po) A/'(po)^''^~"^'^'^\ which 
is 

(6.5) Apo(x) |x|p7, a; = w^^ Vay^- 

Letting £ — > cxo (along multiples of /i) we obtain from (13. 3p the desired bound 
m(^,Po) < (l/2)-l/(m + l). 

The case vq = po £ is almost identical, with one notable exception: 
for the local function at po we take gp^ = Xpg. The rest of the argument 
requires only notational changes. We leave the details to the reader, and 
instead sketch the necessary modifications to the argument at archimedean 

Vq. 

When Wo I oo we take g^^ = Xy^. As before g^ is the characteristic function 

of Uq^\ and for every finite prime p € Bj^, gp is the characteristic function 
of Up. For each t; € oo \ {vq} we may choose g^ to satisfy gv{^) = 1 and have 
small enough support so that gs{u) = ii u G is not a root of unity. 
Let X G I satisfy 

(6.6) Xy = 1 for V ^ Vq and x^^ = Y for a small parameter < y < 1. 

The parameter Y will tend to 0; it plays the role of |roolpo ~ -^(p)"^ ^ 
large. As in (j6.2p . for this choice of x we have 

(6.7) G{x';q)= ^ A^^^ym^ (o)G5, (7'4)- 

aCOK 

When 7 = 1 we obtain Gs{x^; q) = WKXvf^{Y'^), where wk is the number of 
roots of unity in K. 

The argument of Proposition [3] can be adapted to the current situation. 
As before, one obtains the inequality (16. 4p . In this case Gs' no longer 
vanishes for \x\s' large enough, but applying the local bound p.3p at the 
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place vo and Lemma [3] one shows that Gs'{x) <^e,A min(|x|^y^ ^ ,\x\g^). 
This is enough for the same argument to go through. We find that 

(6.8) \F{x^)\ > c|A„„(F^)|^ +0,(y-i-^), 

the main term coming from a = (1). Next 

G*{l/x^;q)= \,sym^{a)G*s^{lV4)- 

aCOK 

We apply Proposition [1] unchanged, and arguing as in the proof of Proposi- 
tion Hone finds F{x'^) < + Q^+'^. 

Choosing Q = y-2/(m+i) before we find, similarly to (j6.5p . that 

A^o(^) <<x x = Y\ 0<Y <1, y<J>l 

2 m + 1 

The bounds m(7r, fo) ^ ^ ~ :j;jq:T iio'^ follow from ()3.3p . □ 

7. Coda 

Our goal in this section is expository; we thank the referee for suggesting 
to include it. We give an alternative proof of Theorem [2] in the case of K 
a real quadratic field. This proof is similar in spirit to the method of Luo- 
Rudnick-Sarnak in [14], [15], where bounds towards Ramanujan are deduced 
from the non- vanishing of character twists of certain L- functions. 

Let /i, v denote the two real embeddings of K. We prove Theorem [2] at 
the place u. 

Let q ^ -B-TT.ic be a prime ideal and let be the characteristic function 

of Uq^\ For finite primes p € B^^ let be the characteristic function of Up. 
Let Qfj, € C^(]R^) be even, non-negative, and satisfy g^(l) = 1. For a given 
/3 € (0,1/2) let Qi, € C°°(M^) be even, non-negative, satisfy gu{y) = for 
lyl > 2, and gu{y) = \y\~^ for < |y| < 1/2. As and g,y are even, their 
Mellin transforms are zero on characters of the form sgn(x)|x|**. Note that 
gu{(^, I • I**) = 9u{s), viewed as a meromorphic function in s = a + it, has a 
pole at s = /3 of residue 1, while g^{s) is entire; both are of rapid decrease 
in vertical strips. 

Let S = {q} U Bj^. We write gs = HtiGS'^^' v ^ S put g^ = Xv 
Consider G{x) as in (j5.3p . Since gp is ?7p-invariant for all finite p 7^ q the 

function G{a,x) is supported on ^(q). 

For every fixed x ^ ^(l)) written x = \ ' where co = Yl^ujv G '^^ as 
in (j2.ip . the function of a complex variable s = a + it given by g{(T, x) = 
g{s,uj) = YlydvisjUj-u) = L'^(2s, vr, sym^ xci;^)^(s, ws) is holomorphic except 
possibly at 

(1) a finite set, of cardinality at most 0^(1), of simple poles in the 
critical strip < 2K(s) < 1 when u is such that vr (81 w — vf (81 tJ, 
coming from the L-factor ^"^(25, vr, sym^ x cj^), 
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(2) and at s = p^^ = — where = H**"", coming from ^(p^^, cjjy) = 
9u{l3) = oo. 

(By adjusting /3 by an e amount, these two sets of poles can be assumed 
disjoint.) We emphasize that even when uj satisfies tt u ~ vr (8) a;, it 
is not necessarily the case that L'^(2s, tt, sym^ x w^) has a pole at s = 
1/2. Moreover at the point described in ([2|) it could very well happen that 
L^{2s, vr, sym^ x w^) vanishes, killing the pole. Our argument will show that 
the latter cannot take place too often. 

Consider the expansion (j5.6|) for some x E I to be chosen momentarily. 

For every fixed u G ^^(q) we shift the vertical contour across the critical 
strip, picking up the possible poles enumerated in ([T|) and ([2]). Let T = 
S \ {ly}. Following the proof of Proposition [2] we obtain G(x^) = + 
\x\~^'^^L{x) + Ix]'^^ G* {1 / x"^) , where R is defined in ()5.5p and 

(7.1) L{x):=CK L''{2(3,7T,sym^ xx^)B{(3,Xt)\x\1'''. 

In the above, we have written Xf^i^) = jxp^'^sgn"^'' . To see (|7.1|) note for 
each UJ € "^(q) the point s = p^i oi case ([2]) contributes 

CK\x\~'^P^L^{2p^,TT,SYm'^ x u}'^)g^{p^,ujT). 

Next observe that p^^ can be descibed as the unique point such that the 
character x defined by | • \'^uj = \ ■ \^x satisfies Xu = 1- The triviality of 
Xu implies ri, = —t^/2, and we may then write Puj = P — = /3 + it^/2 to 
arrive at (|7.1|) . 

For e > let ^^(q) denote the set of Hecke characters x ^ '^(q) such that 
Xu = 1, Cond(x^) < M{(\Y, and deg(xq) < 1. Then 

(7.2) L{x) = -^ Yl L'^{2p,7T,sYm^xxMx,x)+OA,em^r^), 

^^^^ xex,(q) 

where c{x,x) = XM)klA**'' ^ 1- easy to verify that \Xe{c\)\ x 

AA(q)^+^. Note furthermore that since we do not additionally require that 
Xfj, = 1, the characters in ^^(q) are not necessarily of finite order. 

As before, we now reintroduce the dependence on q into the notation. 
When x is chosen as in ()6.6p the sum G{x; q) can be written as ()6.7p . where 
Gsci is as in (14. 3j) . Then letting F{x) denote the sum of G{x; q) over q € Q 
we obtain ()6.8p as before, with \yg{Y'^) replaced by QuiX'^) ~ Y~'^l^ . We 
apply Proposition [1] unchanged, and arguing as in the proof of Proposition 
Hlone finds 

F{x^) = ^^(^) + Oe{Y-^ + Q"^+^). 
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By ([72]) we obtain 

Q 



We take Y = Q ^ . Then for any /? > 5 Vr we find 



2 m+l 



Q 



«E;^ E Ii''(2/3,vr,sym2xx')|. 



Since the characters in Xe(q) are all trivial at v, the standard argument of 
Luo-Rudnick-Sarnak then implies Theorem [2] for the place 1^. □ 
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